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Abstract
We present a simple derivation of the WKB quantisation condition using the quan-
tum Hamilton-Jacobi formalism and propose an exact quantisation condition within
this formalism for integrable models in higher dimensions.
1 Introduction
The quantum Hamilton-Jacobi (QHJ) formalism, developed in its present form by
Leacock and Padgett [1], [2], formally maps on to the classical Hamilton-Jacobi
theory [3] in the limit h¯ → 0. Just as the classical theory allows one to obtain
the frequency of the periodic motion, without explicitly finding the solution of the
equation of motion, its quantum counterpart, the QHJ theory, allows one to find the
energy eigenvalues without solving the Schro¨dinger equation. An important role is
played by the exact quantisation condition in one dimension,
1
2pi
∮
C
pdx = nh¯, (1)
where the contour C in the complex x-plane encloses the classical region between
the two turning points x1 and x2 as shown in Fig. 1. In the above equation p is the
quantum momentum function (QMF) defined by
p = −ih¯
d
dx
lnψ, (2)
where ψ is the eigenfunction of the Hamiltonian.
It should be emphasized that the above quantisation condition is well formulated
for problems in one dimension and for separable problems in higher dimensions. This
rule has been successfully applied to different types of problems in one dimension
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Figure 1: The contour C enclosing the poles of the QMF p, corresponding to the
nodes of the wave function ψ in between the turning points x1 and x2.
which includes quasi-exactly solvable and periodic potentials. The procedure to get
the eigenvalues, eigenfunctions and quantisation conditions on certain parameters
in case of the quasi-exactly solvable problems are now well established. We briefly
review these results in sec. 2.
In the light of the QHJ equation,
p2 + ih¯p′ = 2m(E − V (x)), (3)
reducing to the classical HJ theory, p =
√
2m(E − V (x)), in h¯ → 0 limit, the
Wentzel-Kramers-Brillouin (WKB) quantisation condition is expected to follow from
the exact quantisation condition as a natural consequence in the same limit. This
derivation, shown in sec. 3, has a simplicity and elegance which can not be matched
by the text book treatment.
The fact that the WKB quantization condition has a generalization to higher
dimensions in the form of Einstein-Brillouin-Keller (EBK) quantization condition,
motivates us to explore the precise origin of WKB quantization in the context of QHJ
condition. This may reveal a route to appropriately extend the exact quantization
condition within the QHJ formalism to higher dimensions analogous to the EBK
quantization condition. In sec. 4, we explain how Einstein’s paths on the invariant
tori used in the EBK quantisation condition and the QMF can be used to define an
exact quantization condition for integrable systems in higher dimensions.
2
2 Applications of the Quantum Hamilton-Jacobi
formalism
For a large number of potentials belonging to the classes of exactly solvable (ES)
models, quasi-exactly solvable (QES) models [4], periodic potentials and PT-symmetric
potentials, exact expressions for energy eigenvalues and eigenfunctions follows from
the QHJ formalism in a very simple and elegant fashion, making use of well known
results in complex variables.
The use of the quantisation condition (1) for ES models gives exact expressions
for the energy eigenvalues, whereas for the QES models, it gives the quasi-exact
solvability condition [5]. In comparison to the conventional method of obtaining
solutions of a periodic potential [6], the QHJ method turned out to be rather simple,
as demonstrated in the context of Lame´ and the associated Lame´ potentials. The
former is ES, whereas the later is ES or QES depending on the potential parameters.
For both the potentials, we obtained the band-edge eigenvalues and eigenfunctions
along with the quasi-exact solvability condition for the appropriate cases [7], [8]. The
fact that this method works in the complex plane made it a natural choice to analyse
the PT-symmetric potentials, which are complex potentials with real eigenvalues.
In addition, certain surprising results such as the exactness of SUSY WKB in the
supersymmetric quantum mechanics become transparent when analysed using the
QHJ formalism [10].
An investigation of certain potentials like the Scarf-I potential and the Scarf po-
tential, which exhibit different behaviours for different potential parameters turned
out be an interesting exercise. The broken and unbroken phases of SUSY in the
case of Scarf-I and the band and bound state spectrum in the case of the the Scarf
potential [12], for different parameter ranges are well distinguished. Suitable bound-
ary conditions on the QMF, automatically separate the two parameter ranges and
allow us to obtain the solutions in these two regimes in a straight forward fashion
[13], [14].
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3 WKB quantisation through QHJ formalism
In this section, we shall derive the WKB quantisation condition,
∮
pcldx = (n +
1
2
)h. (4)
It is natural to formally explore the origin of WKB from the QHJ equation (3). For
this purpose, we first expand the QMF in terms of h¯ as
p = q0 + h¯q1 + h¯
2q2 + . . . , (5)
where q0, q1, etc., are functions of x. Substituting this in the QHJ equation (3) and
comparing the powers of h¯ on both sides gives,
q0 =
√
2m(E − V (x)), (6)
q1 =
i
2
q′
0
(x)
q0(x)
. (7)
Here (6) is just the classical momentum function pcl. Thus, the QMF up to the first
order in h¯ is given by
p ∼ pcl +
ih¯
2
d
dx
ln pcl (8)
∼ pcl +
ih¯
4
F ′
F
, (9)
where F (x) = 2m(E − V (x)), which vanishes at the turning points. The above
is in complete analogy to the standard treatment of WKB approximation, where
a detailed analysis leading to the connection formulae, involving Airy functions,
becomes necessary to obtain the WKB quantisation rule. We show that the same
result follows when the above approximate expression for p is substituted in the
exact quantisation condition.
∮
C
pcldx+
ih¯
4
∮
C
F ′(x)
F (x)
dx = nh. (10)
Assuming linear turning points and noting that the residue of F ′(x)/F (x) at each
turning point is unity, an application of the Cauchy residue theorem yields
ih¯
4
∮
C
F ′(x)
F (x)
dx = −
h
2
, (11)
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which leads to the WKB quantisation condition
∮
pcldx = (n +
1
2
)h. (12)
Here a transition, from the integral over a contour in the complex x-plane to an
integral between the two turning points, has been made by a limiting process where
the contour C is shrunk to the real line interval between the turning points. It is
important to note that the above derivation assumes the potential to be analytic on
and inside the contour C, see Fig.1, except at the poles of the QMF corresponding to
the nodes of the wave function ψ. This derivation of the WKB rule is not applicable
to potentials with jump discontinuities.
This illustrates the power and simplicity of the QHJ formalism. This derivation
of WKB quantisation condition in the semiclassical limit prompts one to look for
the possibility of obtaining an exact quantisation condition in higher dimensions.
4 A proposed exact quantisation condition for higher
dimensions
We now proceed to generalise (1) and propose an exact quantisation condition for
integrable systems in higher dimensions. We begin by recalling the Sommerfeld-
Epstein quantisation condition,
∮
pcl idqi = nih, (13)
where pcl i are the components of the classical momentum function and i = 1, 2....d,
d being the degrees of freedom. The line integral is along a closed periodic orbit as
against the contour integral in the complex x-plane in (1).
Einstein pointed out that the quantisation condition (13) is not canonically in-
variant and relies on the separability of the problem [15]. Noting that the separability
has nothing to do with the actual quantum mechanical problem, Einstein modified
(13) to ∮ ∑
i
pcl idqi = nh, (14)
which is canonically invariant, making the Sommerfeld-Epstein condition coordinate
independent. As observed by Einstein, the application of the above quantum rule
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(13) requires the existence of paths, such that a single path determines a pcl i field
for which a potential J∗ (Hamilton’s characteristic function) exists:
pcl i =
∂J∗
∂qi
. (15)
These paths are located in the classically allowed region of the coordinate space
and pass through each small neighbourhood an infinite number of times with only a
finite number of different momentum directions. For such paths, the action J∗, will
be a function on the d-torus and the gradient of the action, will be single valued.
Einstein further pointed out that the line integral in (14) has the same value for
all those paths which can be continuously transformed into each other. For all the
curves, which by continuous transformation can be pulled together to a point, the
integral (14) vanishes. However if the space of qi is a multiply connected one, then
there will be closed paths which cannot be contracted to a point. Then if J∗ is an
infinitely many-valued function, the integral in (14) is non-zero for such paths.
The two important inputs for integrable models in Einstein’s proposal have been
the choice of the paths in the configuration space and the classical momentum being
the gradient of a single potential function [16], [17]1. The requirement of integrability
ensures the existence of closed paths, as above, on the surface of the invariant torus
in the phase space and the applicability of the Einstein quantisation for a given
system. Also for integrable models, in general, there will be d- independent closed
paths which cannot be deformed into each other and for each such path, (14) gives
an independent quantum condition.
We observe that, by virtue of its definition, QMF is always the gradient of the
quantum action. As EBK quantisation condition naturally uses Einstein’s paths on
the surface of the invariant tori, we suggest that the integration of the QMF along
these paths can provide an exact quantization condition for integrable systems in
higher dimensions. Therefore, we propose that the classical momentum function,
pcl i, in Einstein’s condition, (14), be replaced with the QMF given by
pi = −ih¯
(∂ logψ
∂qi
)
, (16)
1This paper gives a lucid elucidation of Einstein’s insight into the problem of quantisation of
non-separable systems. It also explains how Einstein unknowingly stumbled onto the concept of
non-integrability and its relation with ergodicity, without actually realizing its implications for the
area of dynamical systems.
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which leads to ∮ ∑
i
pidqi = nh. (17)
This gives us a quantisation condition which is invariant under point transformations
and which goes over to the condition proposed by Einstein as h¯→ 0. We therefore
propose this as a candidate for exact quantisation rule for integrable systems in
higher dimensions. We would also like to point out that the above quantization
condition gives correct results in the limit where the system becomes separable. In
contrast to this the quantization condition proposed by Gutzwiller [18] fails to give
correct results in the separable limit. Though Miller proposed a modified condition
to rectify this problem, it gave correct results only in the limit that the system is a
separable set of harmonic oscillators [19].
To conclude, in this paper we have given a simple derivation of the WKB quan-
tisation rule and have proposed an exact quantisation condition for integrable sys-
tems in higher dimensions. Just as the WKB quantisation rule follows from the
exact quantisation condition, we expect (17) to go over to the EBK quantisation
rule for integrable systems in the semiclassical limit[15, 20, 21]. We also point out
here that the semiclasscal treatment of the billiard problem has been extensively
investigated in the literature. The proposed quantisation condition can be tested
for these models and the results can be compared with the existing results which
will be reported elsewhere.
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